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1. Introduction 

Superconformal algebras are superextensions of the Virasoro algebra. They play 
an important role in the string theory, conformal field theory and mirror symmetry, 
and have been extensively studied by mathematicians and physicists. A supercon- 
formal algebra is a simple complex Lie superalgebra, spanned by the coefficients of 
a finite family of pairwise local fields a(z) = X^ngZ a (n)Z~ n ~ 1 , one of which is the 
Virasoro field L(z) [3, 8, 9]. It can also be described in terms of vector fields and 
symbols of differential operators. 

An important class of superconformal algebras are the Lie superalgebras K(N) of 
contact vector fields on the supercircle S^ N with even coordinate t and N odd coor- 
dinates. The superalgebra K(N) is characterized by its action on a contact 1-form [3, 
4, 9, 13]. It is spanned by 2 N fields. These superalgebras are also known to physicists 
as the SO(N) superconformal algebras [1, 2]. They are especially interesting, when 
iV is small. The universal central extension of K(2) is isomorphic to the U N = 2 
superconformal algebra". The superalgebra K'(A) has three independent central ex- 
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tension, one of which is given by the Virasoro 2-cocycle, and it is isomorphic to the 
"big N = 4 superconformal algebra", see [1, 2]. In this work we consider a differ- 
ent non-trivial central extension K'(4) of K'(4). Note that K(N) has no non-trivial 
central extensions, if N > 4 [13]. The superalgebra K(6) contains the exceptional 
U N = 6 superconformal algebra" as a subsuperalgebra. It constitutes "one half" of 
K(6), and it is also denoted by CK 6 , see [3, 6, 9-12, 22-24]. 

In [17, 18], we proved that for every N > 0, there exists an embedding of K(2N) 
into the Poisson superalgebra P(2N) of pseudodifferential symbols on the supercircle 
S^ N . P(2N) = P ® A(2iV), where P is the Poisson algebra of functions on the 
cylinder T*S' 1 \<S' 1 , and A(2N) is the Grassmann algebra. 

It is a remarkable fact that K(2), K'(A) and CK % , for N — 1,2 and 3, respectively, 
admit embeddings into the family Ph(2N) of Lie superalgebras of pseudodifferential 
symbols on S^ N , which contracts to P(2N) [17, 18]. Such embeddings allow us to 
obtain realizations of these superconformal algebras as subsuperalgebras of matrices 
of size 2 x 2, 4 x 4, and 8x8, respectively, over a Weyl algebra W = ^^Ad 1 , where 
A = C[t, t' 1 ] and d= f v see [19, 20]. 

In [15] and [16] C. Martinez and E. I. Zelmanov obtained CK$ as a particular 
case of superalgebras CK(R, d), where R is an associative commutative superalgebra 
with an even derivation d. They also realized CKq as a subsuperalgebra of matrices 
of size 8x8 over W. 

In this work we give a general construction of matrix realizations of K(2), K'{A) 
and CKq. Note that a semi-direct sum of the Lie algebra 0(2N, C) and the Heisenberg 
Lie superalgebra fjei(0|2iV) can be embedded into the Clifford superalgebra C(2N) 
and, correspondingly, it has a representation in the Lie superalgebra End(C 2 2 ), 
which is related to the spin representation of 0{2N + 1,C) in End(C 2 ), see [5, 21]. 
This representation allows to realize the Lie superalgebra sp0(2|2iV), which preserves a 
non-degenerate super skew-symmetric form on a (2|2iV)-dimensional superspace, as a 
subsuperalgebra of End(W 2 ^ 2 ). We prove that if N — 1,2 and 3, then sp0(2|27V) 
and the loop algebra of 0(2N, C) generate a subsuperalgebra of End(W 2 ' 2 ), 
which is isomorphic to K(2), K'(4) and CKq, respectively. If iV > 4, then the 
generated superalgebra is the entire End("W 2 ' 2 ). Using this fact, we prove that 
if iV > 4, then there is no embedding of K(2N) into End(W 2JV 'l 2 ^ 

In conclusion, we would like to point out that embeddings of superconformal 
algebras into Lie superalgebras of pseudodifferential symbols on a supercircle and 
into Lie superalgebras of matrices over a Weyl algebra (which are closely related 
to each other) are only possible for superconformal algebras, which are in a sense, 
exceptional, and they do not occur in the general case. This singles out exceptional 
superconformal algebras from all superconformal algebras. It would be interesting to 
give a rigorous mathematical formulation of this fact. 
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2. Preliminaries 



Let A(2N) be the Grassmann algebra in 2N variables £1, . . . , rji, . . . , 7]^, and 
let A(l,2iV) = C[£,£ _1 ] <S> A(2N) be the associative superalgebra with natural multi- 
plication and with the following parity of generators: p(t) = 0, p(£i) = p(Vi) — 1 f° r 
i = 1, . . . , N. Let W(2N) be the Lie superalgebra of all superderivations of A(l, 2N). 
Let d t) % and d Vi stand for J^, ^ and respectively. By definition, 



K(2N) = {De W(2N) \DQ = fQ for some / e A(l, 2N)}, 



where Q = dt+Y^f = i ^idrji+rjid^i is a differential 1-form, which is called a contact fi 
see [3, 4, 9, 13]. Recall that K{2N) can be described in terms of pseudodifferential 
symbols on S^ N , see [17, 18]. Consider the Poisson superalgebra of pseudodifferential 
symbols 

P{2N) = P ® A(2N), (2) 
where the Poisson algebra P is formed by the formal series of the form 

k 

A(t,r)= a i(ty, (3) 

i=— oo 

where k is some integer, aj(t) G C[i, and the even variable r corresponds to 
see [14]. The Poisson super bracket is defined as follows: 

N 

{A, B} = d T Ad t B - d t Ad T B + (-1)^ +1 ^(d^Ad^B + d Vi Ad^B). (4) 

i=i 

Note that there exists an embedding 

K(2N) C P(2N), N>0. (5) 
Consider a Z-grading of the associative superalgebra 

P(2N) = e ieZ P (i )(2iV) (6) 
defined by deg Lie f = degf — 1, where deg/ is defined by 



orm, 



deg t = deg 77* = for i = 1, . . . , N, 
deg r = deg & = 1 for i — 1, . . . , N. 



(7) 



With respect to the Poisson super bracket, 

{P {i) (2N),P {j) (2N)} C P {i+j) (2N). (8) 
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Thus P(p)(2N) is a subsuperalgebra of P(2N). We proved in [17] that P(q){2N) is 
isomorphic to K(2N). Note that K(2N) is spanned by 2 2N fields, one of which is 
a Virasoro field. Recall that a Lie superalgebra is called simple, if it contains no 
nontrivial ideals [7]. If iV ^ 2, then K(2N) is simple. If N = 2, then if (4) is not 
simple. In this case the derived Lie superalgebra if '(4) = [if (4), if (4)] is an ideal in 
if (4) of codimension one, defined from the exact sequence 

K '(A) - if(4) - crV-^x^^Tfe - 0, (9) 

and if' (4) is simple. Thus if '(4) is spanned by 16 fields inside P(4). Each field 
consists of elements, which are indexed by n, where n runs through Z. These fields 
are 

L n = t n+1 r, Q n = t n+1 r VlV2 , X* n = t n+1 T Vi , 

y;, n u K = t n v&, '/'„ i"'h'i<;. i.j \.2. 

Note that if '(4) has three independent central extensions [13]. if (6) contains the 
exceptional superconformal algebra Cifg as a subsuperalgebra [3, 6, 9-12, 22-24]. 
CKq has no non-trivial central extensions [3]. In [18] we obtained a realization of 
Cif6 in terms of pseudodifferential symbols on S 11 ' 3 , and proved that Cifg is spanned 
by 32 fields inside if (6) C -P(6). Each field consists of elements indexed by n, where 
n runs through Z. Explicitly, Cif 6 is spanned by the following 20 fields: 

L n = t n+1 r, Gj, = t n+1 rr] u where i = 1, 2, 3, 

G* = t n & - nf- l T-\^j, where i = 1, j = 2 or i = 2, j = 3 or i = 3, j = 1, 
T n J = f n ffc& - nt^T^rikrii^j, where i, j, fc e {1, 2, 3} and i ^ j ^ k, 
J l J = t n+1 T7]iT]j, where 1 < i < j < 3, 
jv = r-V -1 ^-, where 1 < i < j < 3, 

and the following 12 fields, where i — l,j — 2,k — 3 or i = 2,j = 3, A; = 1 or 
i = 3,j = l,k = 2: 

S l n = * B - 1 r- 1 (i7^-- 
Note that L„ is a Virasoro field. 
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3. Lie superalgebras of matrices over a Weyl algebra 



By definition, a Weyl algebra is 

w = j2 Ad ^ ( i3 ) 

where A is an associative commutative algebra and d : A — > A is a derivation of .A, 
with the relations 

da = d(a) + ad, a G A, (14) 

see [15, 16]. Set 

A = C[t,t -1 ], d = d t . (15) 

Let End(W m ' n ) be the complex Lie superalgebra of matrices of size (m + n) x (m + n) 
over W. Let sp0(2\2N) be a Lie superalgebra, which preserves an even non-degenerate 
super skew-symmetric form on the (2|2iV)-dimensional superspace. 
Lemma 3.1. For each N > 1 there exists an embedding 

s P 0(2|2AO C EndtW 2 ^ 1 ! 2 ^ 1 ). (16) 

Proof. Let V = Span(£i, . . . , ?7i, • • • , Vn)- Let f)ei(0|2iV) be the Heisenberg 
Lie superalgebra: f)ei(0|2/V)i = V with the non-degenerate symmetric bilinear form 
(£i,Vi) = (Vu^i) = 1; an( i f)ci(0|2A/')o = CC, where C is a central element in f)ei(0|2iV). 
Let C(2N) be the Clifford superalgebra with generators ^,77, and relations 

= ViVj = ~VjVi, Vitj = Sij - ZjVi, i,j = l,...,N. (17) 

Let 

t : 0(2/V, C)-B f)ei(0|2/V) -> C(2/V), (18) 
where 0(2 AT, C) = A 2 (V), be an embedding given by 

i(60) = L (ViVj) = ViVj, ^iVj) = ZiVj, i ^ j, 

1 (19) 
H&W = CiVi ~ 2> H&) = &> = ^' H^) = L 

Note that C(2/V) 2* End(C 2JV_1|2JV_1 ). The elements & act by multiplication on the 
superspace A(£i, . . . , £jv), an d ?7i ac ts as c^. Hence there exists an embedding 

p : 0(2N, C)a Oei(0|2AT) -> End^ 2 "" 1 ^" 1 ). (20) 

Note that if we consider V as an even vector space, then formulas (19) define an 
embedding of 0(2N + 1, C) = A 2 (V) © V into the Clifford algebra C(2N), and corre- 
spondingly, the spin representation of 0(2A r + 1, C) in End(C 2 ), see [5, 21]. 
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by setting 
where 



Let 

End(C 2iV_1|2iV_1 ) = End_! © End © End 1; (21) 

where Endo is the set of even complex matrices, and End_! and End x are the sets of 
odd upper triangular matrices and odd lower triangular matrices, respectively. Let 
X eV. Then p(X) = p(X)_i + p(X) u where p(X) ±1 E End±i. Define 

p(X) ± GEnd(W 2iV "l 2iV ") (22) 
p(X) ± = P (X)± 1 + P (X)f, (23) 

1 (24) 
p(X)f = (tdt± 1 T -t ±1 )p(X) 1 . 

Define q = © gj by setting 

01 = P{V)± > (25) 
0o = p(0(2iV,C))© s /(2), 1 ; 

where si (2) = Span(.E, H, F), and E, H and F are the following diagonal matrices in 

End(W 2JV - 1 l 2iV - 1 ): 

E = -i((tdt 2 - -t 2 )l 2 N-i | (t 2 dt - -t 2 )l 2 N-i\ 
2 V 2 2 / 

f = -i({tdr 2 + h~ 2 )i 2 N-i | {dr l + U' 2 )i 2N -^j , 

H = (td)\ 2 N-l\ 2 N-l, 

so that the standard commutation relations hold: 

[H, E] = 2E, [H, F] = -2F, [E, F] = H. 

Then g = sp0(2|27V)- 



(26) 



□ 



Let 0(2iV,C) = Span(rp(X) | X E 0(2N,C), n E l). Thus 0(2iV,C) is isomorphic to 
the loop algebra of 0(2N, C). 

Theorem 3.2. If N = 1, then sp0(2|2) and 0(2, C) generate K(2), 
if N = 2, then sp0(2|4) and 0(4, C) generate K'(4), 
if N = 3, then sp0(2|6) and 0(6, C) generate CK 6 , 
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if iV > 4, then sp0(2|2iV) and 0(2N, C) generate End(W : 



AT-IiqJV-1 



2«- 1 |2 



)■ 



Proof. Case N — 1. It is easy to see that sp0(2|2)j = Span(p(£^), p{rj^)), where 



P(^i + ) = 

































r 1 






1I1 V 



gebra of End(W 
where 

The isomorphism 
is given by 



, C) = Span( | 


f _ t n 


K 


= Span(L„, H n , ( 


t n+1 d + nt n 








t n+1 d 


















(27) 



generate the following subsuperal- 



Hr, 



t n+1 d + |T 



Gr, 



■( 

















W) 




r 







(28) 



a : AT(2) C P(2) -> 



a(r +1 r) = L n + -Pf n , <r(f^i) = ^ 



(29) 



a(t"6) = G n , a(t n+1 T Vl ) = G n . 

Note that L n is a Virasoro field. 

In the cases when N = 2 and 3, we will use an embedding of K'(A) and CK 6 , 
respectively, into a deformation of P(2N). Let Pi(2N) = Pi®C(2N). The associative 
multiplication in the vector space Pi = P is determined as follows (see [14]): 



A(t, r) o Bit, r) = J2 ^A(t, r)%B(t, r) 



(30) 



n>0 



The product of A = A x <g> X and B = B 1 ® Y, where A 1 ,B 1 eP u and 1,7 6 C(27V), 
is given by 

AB=(A 1 oB 1 )®(XY). (31) 

The Lie super bracket in Pi(27V) is [A, B] = AB - {-If^^BA. Pi(2iV) is called 
the Lie superalgebra of pseudodifferential symbols on S^ N , see [17, 18]. 
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Case N = 2. We proved in [17] that K'{A) is spanned inside Pi (4) by the 12 fields 
given in (10) and 4 fields 



1,2, 



Note that L n is a Virasoro field. The central element in K'{A) is Gg 
corresponding 2-cocycle is 



c(L n , Gl) — —n5 n+ kfii 
c(XlG{) = (-iy5 n+kfi , 
c(Q n , G° k ) = S n+ k,0- 



1 < ^ j < 2, 



(32) 
and the 

(33) 



Note that this 2-cocycle is different from the Virasoro 2-cocycle. Let = t M C[t, t^ 1 ]® 
A(£i,6), where fj, G C\Z. Define a representation of AT'(4) in V 1 accordingly to the 
formulas (10) and (32). In particular, r _1 is identified with an antiderivative, and the 
central element acts by the identity operator. Consider the following basis in V 1 : 



vM = r n+ ", vM = t m+ %, < = i,2, 



-66, rn G 



(34) 



m + /x 

Explicitly, the action of ^"'(4) on is given as follows: 





») 


= (m + ^)< t+n (/i), i = 0,1,2, 




A*)) 


= (n + m + f^v^ifi), 




M) 


= (m + n)v G m+n {n), i = 1,2, 


xHv 3 


00) 






(/*)) 




Qn(v 3 m 


(/*)) 


= -Cf/ 1 )- 


YHv ( 


*0) 




YHv 2 

n V 


») 


= (n + m + /i)i4 + „(/i), 


yV 

n V m 


M) 


= -(n + m + ^u^+J/i), 


pii/,.0 


M) 


= *C n (/x), i = 1,2, 


R u (v j 

"ill "m 


M) 


= ^m+n fa), flJ?("mW) = ~^m- 




») 


— — U m+n(Af), ^n( V ln(^)) = V m+ 


G°(v° 


M) 






(/*)) 


= n^O, 2 = 0,1,2,3. 



(35) 



= 1,2, 



These formulas remain valid for fi = 0. Thus we obtain a representation of K'(A) in 
the superspace C[t, t^ 1 ] <g> A(£i, £ 2 ) with a basis 

\v° zj 3 V v 2 } 

where 

*>m = * m > vl = t m ^ v m = t m ^ i=l,2, mGZ. 

We have 

MO = * n+1 *C < = 0, 1, 2, L B (t&) = fdt B i& 

*;kj = t n+i dv° m , 1 = 1,2, x^(^) = t-^, 

>>2J = *X,, i = 1. 2, ^(O = tdt n vi, 

Y*(v m ) = -tdt n v 3 m , Rt(v m ) = t n v° m , i = 1, 2, (36) 
K{v m )=t n <, RH(v m ) = -rv m , i^j = 1,2, 

Z n { V m) = ~t "mi Z n (v m ) = t V m , 

G° n (v°J = t n vl, G^J = t n v 3 m , i = l,2, 
G£(«m)=*X», n^O, 2 = 0,1,2,3. 
This gives a realization of AT'(4) as a subsuperalgebra of End(W 2 ' 2 ). Note that 

sp0(2|4) C A"(4) C End(W 2|2 ) ? (37) 

where sp0(2|4)j is spanned by the following elements: 

pfe) ± = ^! =f ^l, P (6) ± = ^ ± \g\ x , 

\ \ (38) 

p( Vl ) ± = X 1 ±l ±-Z 2 ±1 , p{ V2 ) ± = Xl lT -Zl 1 . 

0(4, C) is generated by P n 2 , P 21 , G° and Q n . When these elements act on sp0(2|4)i, 
they generate the 8 fields X' l a ,Y^, G l n and Z l n) where i = 1,2, which span K'(A)\, and 
hence K'(4) is generated by sp0(2|4) and 0(4, C). 

Case N = 3. We proved in [18] that CKq is spanned inside Pi (6) by the 8 fields: L n , 
G l n , I n , and J% , given in (12), and the following 24 fields, where fi£Z: 
12 fields: 

G l n = t n £i - riT~ l o £ n-1 £i£,-77j, where z = 1, j = 2 or z = 2, j = 3 or z = 3, j = 1, 
K j = t n v£j - nr- 1 o f-^ktjrikrii, where z, j, fc e {1, 2,3} and i ^ j ^ k, 
jv = r- 1 o r- 1 ^-, where 1 < z < j < 3, 

(39) 
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and the following 12 fields, where i — l,j — 2,k — 3 or i — 2,j — 3,k — 1 or 
i = 3,j = l,k = 2: 

K = -t n (v& + riktk) + nr- 1 o t^^Vk + t n , 

S n = -t n Vi(Vjtj + Vdk) + nr' 1 o I" '^6,//, //,///, + t n r] u 

r n = r- 1 o r 

Let V 1 = PC[M _1 ] (g)A(^i,^ 2 ,6)) where ^ € C\z. Define a representation of CK 6 in 
V M according to the formulas (12) and (39-40). Consider the following basis in V 1 : 

vM = t m+ ^, vM = 1 < i < 3, 

77% \~ IX 

v 4 M = t m+ ^ v 4 M = -——CiUs, 

where m G Z and (i,j,k) is the cycle (1,2,3) in the formulas for v l m (/j,). Explicitly, 
the action of CKq on is given as follows: 



L n(v m (fi)) = (m + ii)v l m+n (ii), L n (v % m (a)) = ( m + n + n)v l m+n (n), 
G n {v l m {n)) = (m + n)v^ +n (n), G l n (v^(n)) = -(m + n + n)v l m+n (n), 
G n (v m (n)) = v J m+ M, G l n (v m (n)) = -v m+ M, 

Gn {v A m (H) ) = V l m+n (fl), & n (v X m (n)) = -Vtn+n (») , 

G n {v m {n)) = -(m + n + nWm+niv), G J n (v J m (n)) = (m + /i)v m+n (ii), 

T n( V m(v)) = -V m +n M . T n (#m M ) = Kn+n M , 

T n( v m(^)) = -v m+n (n), T n {v A m {n)) = -v^ + M, (41) 

T n {Vm M ) = V'm+n (/*) , K (v^ (fi) ) = V^ +n (fj) , 

S n {v m {^)) = -V m +n(v), S l n {v 3 m {n)) = ~V m+ M, 
P n ( V m (») ) = Kn+n (fi , l n (fj) ) = *4+ n (^) , 
WmM) = -"Unfa), Jn j (vUv)) = V m+ M , 

where (i,j,k) is the cycle (1,2,3). These formulas remain valid for /i = 0. Thus we 
obtain a representation of CK 6 in the superspace C[t,t _1 ] ® A(£i,£ 2 ,£3) with a basis 

K^m^m^m}, « = 1,2,3, 



10 



where 



k) is the cycle (1, 2, 3) in the formulas for v l m , and m e Z. We have 

= t n+1 dvi, = -tdt n v^ 



J mi 



G i (i) k ) = t n v j G i (v j ) = -t n v k 



= G^J = -t n v' m , 

& n (v k m ) = -tdt n v^ & n {vl) = t n+1 dv k m , (42) 

T*n \ v m) ~ ~t "mi V^m) — t V, 



mi 

rpit 1 \ _ _ f n i T l (v A ) = -t n V 4 
- L n\ u m) 1 "mi ± n\' J m) 1 v mi 

T i <i, i \ — f n f, i T* ff> 4 ^ — f n f£ 
± n\ u m! h "mi ± n\ v m) h u mi 

4 



mi 



P ( v i ) = t n v i I (v A ) = t n v 4 

1 n\ u m) 1 "mi 1 n\ u m ) 1 u mi 

pi(i, k ) — -f n v A fHv 4 1 = t n v k 

°n \ u m) h u mi °n \ u m> L u mi 

j'n ' ( V m) ~ t JniPm) ~ ~^ ^mi 

where (z, j, k) is the cycle (1, 2, 3). This gives a realization of CK 6 as subsuperalgebra 
of End(W 414 ). Note that 

s P 0(2|6) C CK 6 C End(W 414 ), (43) 

where sp0(2|6)i is spanned by the following elements: 

1 

(44) 



Pitt* = Gii =F p ± i, 



pirj^^Gi^-Si,, i = 1,2,3. 

The Lie algebra 0(6, C) is generated by T%> (i ^ j), and , J% i < j. Clearly, 
when these elements act on sp0(2|6)i, they generate the 12 fields G % n , G l n , S l n , and S % n , 
where i = 1,2,3. They also generate the 4 fields: P n) i — 1,2,3 and I n , due to the 
commutation relations 

[?.pW + ] = -<i- (45) 

[J l n \p(Vk) + ] = -nln+l, 
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where (i,j,k) is the cycle (1,2,3), and J l J = — J l J = —J% for i > j. Thus they 
generate the 16 fields, which span (CK 6 )^, and hence CK 6 is generated by sp0(2|6) 
and 0(6, C). 

Case N = 4. Let S be the subset of End(W 2JV_1|2jV_1 ), generated by sp0(2|8) and 
0(8, C). Consider the following basis in A(6, • • • , 6) : 

A(fi, . . . , 6)0 = {>o, V12, v 13 , v u , v 23 , v 24 , v }, ^ 
A(6,---,6)l = {vi,...,v a ,Vi,...,va}, 

where 

v = 1, % = v = 6666, u» = 6, % = 6 • • • 6 • • • 6- 

Let be an elementary 8x8 matrix in End±i. Let 

E 1 = {t n X, (t n d)X I X = E\\n E Z}, 
= {t n X \ X = E%nEZ}. 

Note that it suffices to show that E ±1 C 5. Let and E^ j = E l +8 ' j+8 , where 
1 < < 8, be elementary 8x8 matrices in End . Let 

E = {t n X I X = E l Q j , E l ' j , i^j, nez}. (48) 

Note that E C S. In fact, 

[t n p(r ]l r ]2 ),p( m )+]=nt n + 1 E 1 1 > 8 , (49) 
Similarly, we can show that t n E % { 3 e 5, for 



(50) 



Note that 



i = l,j = 


5,6,7,8, 


i = 2,j = 3,4,5,6, 


i = 3, j = 


2,4,5,8, 


i = 4,j = 1,4,6,7, 


i = 5,j = 


1,4,6,7, 


i = 6, j = 1,3,6,8, 


i = 7,j = 


1,2,7,8, 


i = 8,j = 1,2,3,4. 


[p(6) + , 


t n El' 8 } = 


= ^+1(^-2 + ^3.8^ 




+ E 3 % 


E 2 /} = t n E{>\ 


[p(6) + , 


t n E\ A ] = 


- t n+1 E 2 /. 



(51) 



On the other hand, 

[p( m ) + XE^}=r+\E 2 i + E 2 /). (52) 
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Hence, t n E%* G S and t n E^ G S. Similarly, we can show that all elements of E are 
in S. According to (50), for each fixed j, where 1 < j < 8, we have that t n E\^ G S for 
some 1 < k < 8. Note also that for each fixed j, there exists k such that (t n d)E k G 5 1 . 
For example, the supercommutator 

r^o' 2 ,P(6) + ] = -(t ri+2 rf)^i' 1 (53) 

produces such an element for j = 1. Obviously, using supercommutators of t n EQ k with 
t n E\' j and (t n d)E k ' J , we obtain that TE^' G 5 and {t n d)E\ j G S for any i Hence 
i?i C S. Finally, for each & and 7/j, we now have that p(^)ix G 5 and p(?7i)tx G 5. 
From these matrices we can obtain all matrices t n E l l\ using supercommutators with 
t n &j. Hence E_ x C 5. Thus 5 coincides with EndtW 2 ^ 1 ! 2 ^ 1 ). 
Case N > 4. Induction on iV. Assume that the statement is proved for N — 1. 
Let C(2N — 2) be the Clifford superalgebra with generators & and rji, where i = 
1, . . . , N — 1. Present A(£i, . . . , £w) as follows: 

A(6, ■ • • , 6v)o = A(6, • • • , 6v-i)i6v © A(&, . . . , Civ-i)o, (54) 
A(6, •••• iv)i = A(6, • • • , Cv i): © A(£ 1; . . . , 6v-i)o6v. 

Let 

End(W 2iV_1 l 2iV_1 ) = End_! © End © End^ (55) 

Let E% (! ^ < 2JV_1 ) be an elementary 2 N ~ 1 x 2 JV ~ 1 matrix in End±i, and let 
Eq 3 and E^ = E^ +2 ,J+2 be elementary matrices in Endo- By the inductive 
hypothesis, sp0(2|2A - 2) and 0(2A - 2, C) generate 

End(W 2A " 2|2iV ~ 2 ) = End'_! © End(, © End' 1? (56) 

where 

End'.! = Span(wE!:{ +2iV_2 ) C End_i, 

End; = Span(W^ +2iV_2 ' j ) C Endi, (57) 
End(, = Span(W£* +2 "~ 2j+2 "^Wi^ J ) C End , 
where l<i,j< 2 N ~ 2 . Then 0(2N, C) and End(W 2iY ~ 2 l 2A " 2 ) generate EndtW 2 ^ 1 ! 2 ^ 1 ). 

□ 

Note that we can realize sp0(2|2A) as a subsuperalgebra of K(2N) C P(2N). 
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sp0(2|2A r )i is spanned by the elements 

N , N 



3=1 3=1 

l N I _ N 

j=i ~ j,fc=i 

1 _ " 1 _ * 



3=1 j,k=l 

where i = 1, . . . , N. Let 

a : S p (2|2iV) — En^W 2 ^ 1 ' 2 ^ 1 ) (59) 

be an embedding defined by 

Pte)*, = fa)*, i=l,...,N, N>1. (60) 

Note that embeddings of K(2), K'(4) and CK e , obtained in Theorem 3.2, are exten- 
sions of a, see (29), (38) and (44). 

Corollary 3.3. The embedding (59) cannot be extended to an embedding of K{2N) 

into End(W 2iV_1 l 2Ar_1 ), if TV > 4. 

Proof. Suppose that there exists an embedding 

a:K(2iV)^End(W 2 ^ 1 l 2JV "). (61) 

Then a(sp0(2\2N)) and Span(t n cr(0(2iV, C))) must generate a subsuperalgebra of 
a(K(2N)), which is not possible, since they generate the entire End(W 2 I 2 ). 

□ 

Remark 3.4. Note that certain exceptional simple finite-dimensional Lie superalge- 
bras can also be realized as subsuperalgebras of matrices over W. In [19] we obtained 
a realization of the family D(2, 1; a) as 4 x 4 matrices over W. Recall that F(4) is an 
exceptional finite-dimensional Lie superalgebra such that 

F(4) 5 = 0(7) © sl(2), F(4)i = spin 7 <g> sl(2), 

see [7]. It can be constructed using Clifford algebra techniques, see [21]. We conjecture 
that F(4) can be realized as a subsuperalgebra of matrices of size 16 x 16 over W, 
so that F(4)i is in the span of the matrix fields generated by pi^i)^ 1 and p(77i) ± , 
% — 1, . . . , 4, under the action of 0(8, C). 
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